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ON HERMITIAN MANIFOLDS 



BO GUAN AND QUN LI 

Abstract. We study complex Monge- Ampere equations in Hermitian manifolds, 
both for the Dirichlet problem and in the case of compact manifolds without bound- 
ary. Our main results extend classical theorems of Yau |43J and Aubin [I] in the 
Kahler case, and those of Caffarelli, Kohn, Nirenberg and Spruck [3] for the Dirichlet 
problem in C". As an application we study the problem of finding geodesies in the 
space of Hermitian metrics, generalizing existing results on Donaldson's conjecture 
[l6] in the Kahler case. 
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1. Introduction 

The complex Monge- Ampere equation has close connections with many important 
problems in complex geometry and analysis. In the framework of Kahler geometry, it 
goes back at least to Calabi [TTJ who conjectured that any element in the first Chern 
class of a compact Kahler manifold is the Ricci form of a Kahler metric cohomologous 
to the underlying metric. In [16], Donaldson made several conjectures on the space 
of Kahler metrics which reduce to questions on a special Dirichlet problem for the 
homogeneous complex Monge- Ampere [HCMA) equation; see also the related work of 
Mabuchi |36j and Semmes ^38j. The HCMA equation, which is well defined on general 
complex manifolds, also arises naturally in other interesting geometric problems. One 
such example is the work on intrinsic norms by Chern, Levine and Nirenberg [15], 
Bedford and Taylor |4| and P.-F. Guan [21], [25]. There are also interesting results in 
the literature that connect the HCMA equation on general complex manifolds with 
totally real submanifolds; see, e.g. [12], [37], [35], [2Z] and [28] . 

In [13], Yau proved fundamental existence theorems of classical solutions for com- 
plex Monge- Ampere equations on compact Kahler manifolds and consequently solved 
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the Calabi conjecture. Yau's work also shows the existence of Kahler-Einstein met- 
rics on Kahler manifolds with the first Chern number Ci(M) < 0, confirming another 
conjecture of Calabi [11] which was independently proved by Aubin [1] in the case 
Ci(M) < 0. The classical solvability of the Dirichlet problem was established by 
Caffarelli, Kohn, Nirenberg and Spruck [9] for strongly pseudoconvex domains in C". 
Later on the first author [20] extended their results to general domains under the 
assumption of existence of subsolutions. 

Our primary goal in this paper is to attempt to extend these results to more 
general geometric settings. We shall consider complex Monge- Ampere equations on 
Hermitian manifolds. Besides the technical challenges in the analytic aspect which we 
shall discuss in more details later, our motivation originates from trying to understand 
the above mentioned Donaldson conjectures when one considers Hermitian metrics, 
as well as other geometric problems some of which we shall treat in a forthcoming 
paper [2T] . 

Let us first consider the Dirichlet problem. Let {M"',uj) be a compact Hermitian 
manifold of dimension n >2 with smooth boundary dM, and M = M U dM. Given 
i/j G C°°(M X R), ■?/; > 0, and if G C°°(9M), we seek solutions of the complex 
Monge- Ampere equation 

(1.1) (LJ + -^dduj =^(z,u)w" inM 
satisfying the Dirichlet condition 

(1.2) u = ip on dM. 
We require 

(1.3) uju:=uj + ^^^ddu > 

so that equation (II. ip is elliptic; we call such functions admissible. Set 

(1.4) n = {(j)e C\M) : uj^ > 0}. 

We shall also call Ti the space of Hermitian metrics. As in the Kahler case, for m G 7i, 
Uu is a Hermitian form on M and equation (II. ip describes one of its Ricci forms. 

From the theory of fully nonlinear elliptic equations, a crucial step in solving equa- 
tion (11.11) is to derive a priori estimates for admissible solutions. Our first result is 
an extension of Yau's estimate for Am [13] and the gradient estimates due to Blocki [7] 
and P.-F. Guan [26j in the Kahler case. 
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Theorem 1.1. Let u ETiCi C^{M) be a solution of equation f ll.ip . Then there exist 
positive constants Ci, C2 depending on |M|co{Af) such that 

(1.5) max I Vnl < Ci I 1 + max I VmI ) 

M \ dM J 

and 

(1.6) max Am < C2 ( 1 + max Am ) . 

More details are given in Propositions 13.21 and 14.31 of the dependence of Ci and C2 
on ip and geometric quantities M (torsion and curvatures). Here we only emphasize 
that these constants do not depend on inf x(j so the estimates (II. 5p and (11.61) apply to 
the degenerate case {ip > 0). 

The gradient estimate (11.51) was also proved independently by Xiangwen Zhang [H] 
who considered more general equations on compact Hermitian manifolds without 
boundary. 

A substantial difficulty in proving (II. 6p is to control the extra terms involving third 
order derivatives which appear due to the nontrivial torsion. To overcome this we 
construct a special local coordinate system (Lemma EH]) and make use of some unique 
properties of the Monge- Ampere operator. See the proof in Section H] for details. 

In order to solve the Dirichlet problem (ll.ll) - (ll.2p we also need estimates for second 
derivatives on the boundary. For this we shall follow techniques developed in [23] . 
[T9] , [20] using subsolutions. Our main existence result for the Dirichlet problem may 
be stated as follows. 

Theorem 1.2. Suppose that there exists u G C°(M) with Uu ^ in M (in weak 
sense '01), u = ipon dM and 

(1.7) (wj" > ^(z,u)cu" mM. 

Assume further that u E C"^ in a neighborhood of dM (including dM). Then the 
Dirichlet problem (ll.ll) -( fL2l) admits a solution u eHH C°°{M) with u > u in M . 

We note that Theorem 11.11 also applies to compact manifolds without boundary. 
Deriving the C° estimates, however, seems a difficult question for general uj. In the 
Kahler case, Yau [l^ introduced a Moser iteration approach using his estimate 
and the Sobolev inequality. His proof was subsequently simplified by Kazdan [3U] for 
n = 2, and by Aubin [T] and Bourguignon independently for arbitrary dimension (see 
e.g. [39] and ^41]). Alternative proofs were given by Kolodziej [31] and Blocki [6] 
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based on the pluripotential theory (^J) and the stabihty of the complex Monge- 
Ampere operator ([l2])- All these proofs seem to heavily rely on the closedness or, 
equivalently, existence of local potentials of uj and it is not clear to us whether any of 
them can be extended to the Hermitian case. In this paper we impose the following 
condition 



which will also enable us to carry out the continuity method as in |43j . 

Theorem 1.3. Let {M,uj) be a compact Hermitian manifold without boundary with 
UJ satisfying (11.81) . Assume V'u > and that there exists a function G C°°(M) such 
that 



J M 

Then there exists a solution u G 7inC°°(M) of equation (11.11) . Moreover the solution 
is unique, possibly up to a constant. 

Under stronger assumptions on if) condition (11.81) may be removed. 

Theorem 1.4. Let (M, cj) be a compact Hermitian manifold without boundary. If 

(1.10) lim '?/'(-,u) = 0, lim ipi^-.u) = oo. 

and ipu > 0, then equation (11.11) has a unique solution in Tin C°°{M). 

For applications in complex geometry it is very important to study the degenerate 
complex Monge- Ampere equation {ip > in (11.11) ). In general, the optimal regularity 
in the degenerate case is C^'^; see e.g., [2], [18], and there are many challenging open 
questions. In the forthcoming article [21] we shall focus on the degenerate, especially 
the homogeneous, Monge- Ampere equation in Hermitian manifolds and applications 
in geometric problems. In the current paper we shall only prove the following theorem 
for a special Dirichlet problem. 

Theorem 1.5. Let M = N x S where N is a compact Hermitian manifold without 
boundary, dimcN = n — 1, and S is a compact Riemann surface with smooth boundary 
dS 7^ 0. Let UJ be the product Kdhler form on M. 



Suppose that ^ > 0, G ^^(M x R), and(j)enn C^{M) satisfying (cu<^)" > ip 
on M . Then there exists a weak admissible solution u G C^'"(M), for all a G (0, 1) 



(1.8) 



dduj'' 



0, l<k<n-l 



(1.9) 
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with Ati G 



(1.11) 



L°°{M), of the Dirichlet problem 

\ u = (j) on dM. 



Moreover, the solution is unique if ipu > 0, and u G C^'^{M) provided that M has 
nonnegative bisectional curvature. 

As an immediate application of Theorem 11.51 we can extend existing results on a 
conjecture of Donaldson [16] concerning geodesies in the space of Kahler metrics to 
the Hermitian setting; see Section M for details. 

The paper is organized as follows. In Section [2] we briefly recall some basic facts and 
formulas for Hermitian manifolds and the complex Monge-Ampere operator, fixing 
the notation along the way. We shall also prove in this section the existence of local 
coordinates with some special properties; see Lemma [2.11 Such local coordinates are 
crucial to our proof of (11. 6p in Section HI while the gradient estimate (II. 5p is derived 
in Sections [31 Section [5] concerns the boundary estimates for second derivatives. In 
Section [6] we come back to finish the global estimates for all (real) second derivatives 
which enable us to apply the Evans-Krylov theorem [17], [3l] to obtain C^'" and 
therefore higher order estimates by the classical Schauder theory. In Section [7] we 
discuss the C° estimates and existence of solutions, completing the proof of Theo- 
rems [T21III51 Finally, in Section [S] we extend results on the Donaldson conjecture in 
the Kahler case to the space of Hermitian metrics. 

The authors wish to thank Pengfei Guan and Fangyang Zheng for very helpful 
conversations and suggestions. 



Let M" be a complex manifold of dimension n and g a Riemannian metric on M. 
Let J be the induced almost complex structure on M so J is integrable and = —id. 
We assume that J is compatible with g, i.e. 



such g is called a Hermitian metric. Let uj be the Kahler form of g defined by 



2. Preliminaries 



(2.1) 



g{u,v) = g{Ju, Jv), u,veTM; 



(2.2) uj{u,v) = —g{u, Jv). 

We recall that g is Kahler if its Kahler form u is closed, i.e. du = 0. 
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The complex tangent bundle TcM = TM x C has a natural splitting 

(2.3) TcM = T^^^M + T°'^M 

where T^'^M and T^'^M are the ± V — 1-eigenspaces of J. The metric g is obviously 
extended C-linearly to TcM, and 

(2.4) g{u, v) = Q if M, G T^'^M, or m, G T^-^M. 
Let V be the Chern connection of g. It satisfies 

(2.5) ^u{g{v, w)) = giVuV, w) + g{v, V„w) 

but may have nontrivial torsion. The torsion T and curvature i? of V are defined by 

(2.6) T(m, v) = VuV - V^u - [m, v], 
and 

(2.7) R{u, v)w = Vu^vW - Vt^VuW - V[u,v]W, 
respectively. Since V J = we have 

T{Ju, Jv) = JT{u,v) 

and 

R{u,v)Jw = JR{u,v)w. 

It follows that 

(2.8) T{u, V, w) = g{T{u, v),w) = g(T{Ju, Jv), Jw) = T{Ju, Jv, Jw) 
and 

(2.9) R{u, V, w, x) = g{R{u, v)w, x) = g{R{u, v)Jw, Jx). 

Therefore R{u,v,w,x) = unless w and x are of different type. 
In local coordinates {zi, . . . , z^), by (12. 4p 

d d \ ^ f d d 



smce 

_^ J d ^ — J d J d ^ — ^ d 

dzj dzj ' dzj dzj 

We write 

(2.12) = = 
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That is, g^-'gkj = Sik- The Kahler form u is then given by 
The Christoffel symbols FL are defined by 



(2.13) u = — - — Qjkdzj A dzk- 



Recall that by ([23]) and (I2A0|) 
(2.14) 



and 



^ d ^ d 

v^— = V^— = 0, 



(2.15) r5'^ = ^'"^- 

For the torsion and curvature we use the standard notion 

/ d d d \ 



and 



Obviously, 



and 



/ d d d d 

^ilkl = 1 ^ 6tc. 

\OZi OZj OZk OZi 



Tijk Tijk Tj^jk O5 '^ijk 



■J 



fdgji dgu 

{2.1b) U^=g U^-i^^-i^^-g (^^-^ 



From ([23]) and fl215|l it follows that 

(2.17) Rfjkl = Rijkl = 0, 



d^Tk _ d'^9ki , pgdgkqdgpi 



(2.18) R^^ = -g„j^ = -Tc^ + g"' 

and 



oziOZj OZi OZj 



(2-19) Rijkl = gmiy-Q^ ~^ ^iq^'jk ~ ^Tq^'ik) 
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By (12181) and (12161) we have 

(2-20) Rfjkl ~ Rk'jil = 9ml Q-^ = 9mf^jTki , 



which also follows form the general Bianchi identity. 
The traces of the curvature tensor 

l^-^-LJ -i^ki — 9 -ttijki — 9 ^ + 9 9 ^ 

OZiOZj OZi OZj 

and 

(2.22) ^ g^R^^ = -9''^ + 9'V'^^ 

■' OZiOZj OZi OZj 



are called the first and second Ricci tensors, respectively. Note that 

(2.23) ^^^^ = -ai;9i-^°Sciet^,r. 

The following special local coordinates will be crucial to our proof of the a priori 
estimates for Au in Theorem 11.11 



Lemma 2.1. Around a point p G M there exist local coordinates such that, atp, 

(2.24) 9i] = Sij, ^ = 0, V^,j. 

Proof. Let {zi, Z2, - ■ ■ , Zn) be a local coordinate system around p such that Zi{p) = 
for i = 1, ■ ■ ■ ,n and 

Define new coordinates {wi, W2,--- ,Wn) by 

(2.25) Wr = Zr + ^^^{p)z^Zr + ^^^{p)zl, I < T < Tl. 

We have 



(2-26) 9r-=9{T-,^)=Y.9r-s — — 



dwi dwj J ^ dwi dwj 



It follows that 



(2 27) - "^^^r dzs ^ dgr-s dzp dzr dz, 



dwh ^ dwidwh dw-j ^ dzr, dwh dwi dw^ 

r,s •' r,s,p ^ ■' 
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Differentiate (12.251) witli respect to Wi and Wk- We see tliat, at p, 

dZr ^ d'^Zr dQrf ^OZm dZj. ^ Oz^ Oz^ \ dQrf dZr dz^ 



dwi 



dwjdwh 



dzm. V dwi dwk dwk dwi 



dzr dwj dwi 



Plugging tfiese into fl2.27p . we obtain at p, 



(2.28) 



( dgfi 


_ dgfi 


dwk 


dzk 


^ dgfj 
dwj 


_ dgfj 
dzj 


dgfj 


_ dgfj 


I dwk 


dzk 



dzi 
otlierwise. 



0, V i, k, 



Finally, switching w and z gives (12.241) . 
Remark 2.2. If , in place of ( 12.25p . we define 
(2.29) 



□ 



^ dz, 



Ed QfYlT / \ ^QtT / \ 2 

-^^[p)ZmZr + -^^{p)z^, l<r<n, 



2 dzr 



then under the new coordinates (wi, W2, ■ ■ ■ , Wn) 

-(p) =0, Vi, j 

(2.30) 



dgjj 
dwj' 
dgfi 
dwk 

(p) = Tr-^(p)5 otherwise. 



dcjii , , dgii 



\ dwk dzk 
The following lemma and its proof can be found in 

Lemma 2.3. Around a point p E M there exist local coordinates such that, at p, 



(2.31) 



gij ^ij J 

dgfj ^ dgtfj _ ^ 



dzk 



dzi 



Consequently, Tj) = at p. 



Remark 2.4. In general it is impossible to find local coordinates satisfying both (I2.24p 
and (12.311) simultaneously. 
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Let A^'^ denote differential forms of type (p, q) on M. The exterior differential d 
has a natural decomposition d = d + d where 

d : AP'« ^ AP+^'^ B : AP'<? ^ A^'''?+\ 

Recall that 5^ = 9^ = 99 + 99 = and, by the Stokes theorem 

da= [ a, VaeA"-^'". 

M JdM 

A similar formula holds for 9. 

For a function u G C^(M), 99m is given in local coordinates by 

- d'^u 

(2.32) ddu = ^ ^_ dzi A dz.. 

OZiOZj 

We use V^u to denote the Hessian of u: 

(2.33) V^m(X, F) = Vy VxM = Y{Xu) - (VyX)^, X, F G TM. 
By fl^l^ we see that 

(2.34) V^V^M 



s^j dzidzj ' 

Consequently, the Laplacian of u with respect to the Chern connection is 
or equivalently, 

(2.36) Amw" = ^^ddu A cu"-^ 

Integrating fl2.36p (by parts), we obtain 

^ ' Amcj"= / 99m A cj"-^ 

M J M 

n-l I I a„, A fl, ,n-l 



(2.37) = / 9mAcj"-^+ / 9mA9cj^ 

'(9 A/ Jm 



(9mAu;"~^ + m9u;"~^)+ / m99cj"-\ 

Finally, in the following sections where we derive the a priori estimates we shall 
consider the slightly more general equation 

/ ^/— 1 - \ ™ 
(2.38) det i^fiu + -^^dduj = ^{z, m)oj" 
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where is a given smooth function on M and may also depend on u and Vm. We 
shall abuse the notation to write 



LVu '■= iJiio + " ^ ^ ddu G A^'"^, 
and u ^Ti means cj^ > 0. In local coordinates equation (12.381) takes the form 

(2.39) det y^igfj + q^ q- J = -ipiz, u) det g,]. 

In the current paper we assume /i = fi{z,u) and > in M x M. In [2T] we shall 
consider other cases including /i = 0. 



3. Gradient estimates 

In this section we derive the gradient estimate (II. 5p for a solution n G 7i fl C^{M) 
of (I2.38p . Throughout this and next sections we shall use ordinary derivatives. For 
convenience we write in local coordinates, 

du du d'^u dgq d'^gfj 

; l^i — "^ij — Tj o^' dijk ~ ; Qfjkl ~ "o ^tC, 

OZi OZi OZiOZj OZk OZkOZi 

and 

flij = Mjj + Aifi-jj, {Qij} = {dij}~^- 

We first present some calculation. In local coordinates, 



(3.1) |Vup = g'^Wuf. 
We have 

(3.2) (iVwHi = g''\ukiUT + UkUii) - g^^g^^gaiium 

{\Vu\^)i-j = g''\ukjUii + UfjkUi + UkUfji + UkiUfj) 
(3-3) - g^^g^^gabiiukjUi + UkU^) - g^^g''^gabj{ukiUi + UkUij) 

+ [{g''9'''g''' + g''g'''g'')gaugp,i - g'^'g^'gau^uku-,. 



Here we have used the formula 

{g% = -g'^g'^'gau. 

Let p be a fixed point. We may assume that (12.311) holds at p and 
(3.4) {uij} is diagonal. 
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Thus 

(3.5) (iV^Hi = UiUfi + {uki - gkiiUi)u-k 
and 

(IVwHii =ul + UUkU-k + MiifcMfc + V \Uki - QkliUll'^ 

(3.6) k 

- '^^'^{gfiiUiiUj} + igipigpki - grkii)ukUi. 

Lemma 3.1. Let be a function such that e*^! Vwp attains its maximum at an interior 
point p where, in local coordinates, f l2.3ip and (13.41) hold. Then, at p, 

|Vm|2^0>,j< -2 5^!He{0*W.j0j} + 2|V/||VM|-2|VM|Vn 

(3.7) - \Vu\'(mfR^ja-snpm\') J^Q^ 

+ 21Ke{(/i)fcM£}5^0^l 

Proof. In the proof all calculations are done at p where since e'^^lVw^ attains its 
maximum, 



(3-8) ^^ + 0. = O, ^^ + 0, = O 

and 



3.9 - + <Pu < 0. 

By ([33]) and (EJD, 

(3.10) |(|Vnn,|2 = ^ lufcHufe, - g^ml'' - 2\Vu\^y\c{u,us(p.} - \ 

k 

Differentiating equation (I2.39P we have 

Q'^iufjkUk + UkUifk) = 2| Vm| V« + 2^He{/^fcMfc + g'^gfjkUk} 

- 2fne{0*^(/x^ijfc + {fi)kgij)u-k}. 

Note that by fICTD . 

(3.12) gfiiUf - HQ'^gfiiUi = Q^'uiigaiu-i = -Q^'unguiUi. 



|2 2 
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From (I3.6P and (13. lip we see that 

i,k 

^^■^^^ + Q'\9ipi9pE - 9i-kii)UkUT - AQ''\guiUi\^ 

+ 2\Vu\^fu + 29^c{/,,Mfc} - 29^c{(/x)fcMa 5^/- 
Combining fl3.9p . f l3.10p and f l3.13p . we obtain 

> I Vm|2 ( inUgipig ii - g^j-j} - 4 sup 1^;^^^) V q'' 
\ t,i J — 

(3-14) +2|V«|V«-2|V/||V«|-2!ne{(/iW}5^0^^ 

This proves (13 .Tp . □ 
Proposition 3.2. There exists C > depending on 

sup|u|, inf(^")„, suplVV'"!, inf rrf inf -Rj^ir- sup |T;^.|^y 



and 



such that 



sup{|/i|-i + |Vlog|/i|| + (log|/i|)J 

M 



(3.15) max|Vn| < C(l + max|Vu|). 

M dM 

Proof. Let L = inf^w and (j) = Ae'^^^^"-* where A > to be determined later and 
u = yu/|yu|. We have 

(3.16) e^("-^)lHe{0*^M,M,^0j} = -uA\Vu\' + IfilAj^d' 
and 

= Ag^'uiUj - nuA + A V g^^ 

(3.17) ^ 

>^|VMpmin0" + \fx\Ay^ g'' - nuA 

>nA{\n\~^ilj~"\'Vu\" — v). 



[UjUl — UUi. 
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By Lemma Em at an interior point where e'^lVwp achieves its maximum we have 

(3.18) < 2|V/||V^i| - 2|Vn|V« + 2(/i,|Vn|2 + | V/i| | V^i|) g^^ 

- |Vwp(inf sup mi') J2g^. 



Choose A such that 

n-1. -"--^ 
n 

We obtain 

^u—L 



I A| > sup ^ (l + - inf Rf0 + sup |T;{. . 

M |/i| V j,l j^i J J 



\Vu\ < 2|Vlog|/i||e" 



or 

,11+2 „ , 1 , „ „_L.. .1 



A\ii\ — \S/u\~ - 3V^"|Vm| + 2ne""-^((?/'~)„|VM| - |VV^"|) < 0. 
This gives the estimate in (13.151) . □ 



4. Global estimates for Am 

In this section we derive the estimate (11.61) . We wish to include the degenerate case 
> 0. So we shall still assume ip > Q but the estimates will not depend on the lower 

bound of ip. We shall follow the notations in Section [3] and use ordinary derivatives. 
Throughout Sections HUG] we assume m is a solution of (11.11) in HnC^(M). In local 

coordinates, 

Therefore, 

(4.1) (Am), = g'^Wu - g^'g^^'gauUki 

+ Wg^'g""' + 5'^5"V05a5^^p^j - g^g^^goMi^H- 
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Lemma 4.1. Assume that I HTM and (IS3D hold at p e M . Then atp, 
Q'^iAu),- > 0V^>,j, + + A(/) - 20^^9^e{7;U/x)s} 

(4.3) - + Yl ^ - ^'^(^^ - 



+ inf Rjjkk ((Au + n/i) J2 S'' - 



Proof. By (gl]) and fOj) . 

(4-4) (AM)i = Mfc^i - gkkiUkh 

{A'^)ii = Uiikk ~ '^'^^Wkji9jki} + {gkpiQpki + gpkidkpi ~ 9kkfi)Ukk 

(4.5) 

= ""jifcfc ~ '^'^^Wk]i9jki} + (flfcfe ~ f^){9pki9kpi + Rfikk)- 

Differentiating equation fl2.39p twice we obtain 

S^'ufikk =e''d"\uijk + (Aifl'ij)fcP + if)kk + 9iikk - 9ijk9jik - 5'\fJ'9ii)k 
(4-6) =Q''d"\uijk + {f^9ij)k\^ + iflkk - Rkkii - {^)kkY^'' 

+ ^^\Rkm - \9ijk?) - 20''^e{(/x)fc^-fc}. 

From (12.241) we have, 

(4-7) "^k^jki = X^NijA; + {f^9ij)k]9jki ~ 9ijk9jkl ~ 'Y^{^^)k9ik^■ 

j,k jjtk jy^k k 

By Cauchy-Schwarz inequality, 



(4.8) 2 I^^INfc + i^^9ij)k]9jki}\ < + if^9ij)k\'^ + Y ^fj\9kj 

j^k j^k jj^k 

Finally, combining (USD, dMD, dSD, M and 



\9ijk\'^ + \9kji\'^ — '^^^{9ijk9jki} — \9kji — 9ijk\^ — l^jfcT 

we derive 

^4 ~ Yj S^^i^iikk ~ Rkkii) ~ ^ 0*1^41^ 

A; j,k 

-20%e{7;U/i)s}-A(/i)5^/. 

which gives (14. 3p . 
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Lemma 4.2. Suppose e'^{nfi + Au) achieves its maximum at an interior point p G M 
where f l2.24p and ( 13. 4p hold. Then, at p, 

(4.10) ^ - infi + Au)mfR^.,-,J25^-^if) 
where \i = {n — — fiTj- and 

(4.11) A = |/i| sup \R,-, - S,-,\ + |/i||T|2 + |V(/i)||T| + A(^) - ninf(/x),s. 

k ^ 

Proof. Since e'^(n/i + Au) achieves its maximum at p, 

(4.12) — — + 0i = O, — — + 0i = O, 

n/x + Am n/i + Am 

/..ON (n/x + Am)^- |(n^ + AM)^p 

n;. + AM - (n/. + Au)^ + '^^^ " °- 

Note that 

(ra/i + AM)i = ^{ufj + figij)j + Xi 
j 

by dMD and I^M). We have by fl4:T2D . 

\{nn + Au)i\^ = ^|(Mij + /i^ij)jf + 29^e{(n^ + AM)iAi}- |A,|2 

(4.14) ' 

= Yl + - 2(ri/i + AM)ine{0iAi} - I A, 1 1 

By Cauchy-Schwarz inequahty, 

(4.15) . ' , 

< (n/i + AM)g^^g^'^|M- + (/ic/ij)jf . 

From fICTD . (gJD, firaj) and fHJ5|) we derive flCTjl . □ 

Let = e''(") with rj > 0, firj' < 0, and rj" > 0. We have 

(4.16) 0i = eVw^, 0.^ = e''[r/'M,^ + (r7" + V2)|M,|2]. 
Therefore, 

(4.17) 20^^9^e{0,A,}=2eV0^^^e{M,A,} > -eV(|A,|2 + ry'>,n. 
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Suppose now that both ip and are independent of u. Plugging (14.161) and fl4.17p 
into (14.10p . we see that 

> (n/x + A«) (e-" inf R^-,-, - /ir^') ^ 
(4.18) + ^^(n/i + Am - 1) ^ fl^^kiP + nV(n^ + Am) 



e-^inf%,^ + e-W-C^3$^0* 



where 

(4.19) C3 = A + n2|V/i|2 + nVl^r 

and y4 is given in (14.111) . 

Following Yau [43j we shall make use of the inequality 

, ^ Qii nfi + Au nfi + Au 



(4.20) (Efl^T" - 



011 ■■■0nn det {figfj + Ufj) tjj 
Choosing r] = A{U — uu) where v = U = supj^^ uu and A > is a constant 

such that 

(4.21) |/i|A + e-''inf%fcS>2, 

we see from ( l4A8il and (!42Q]) that 

fn/i + Am) + i)^A f - n^e"'''?/'^ 



(4.22) (n/i + Am) + nz/AV^ "-1 (n/i + Am) + ^ "-1 Af - n^e'^^ip "-1 inf i^^j^fc < 



provided that 

(4.23) n/i + Am > 1 + Cg- 

This gives us a bound (n/i + Am)(0) < C which depends on \u\co(^m), \4'"^\c'^{m), 
Ia^|c2{m) and geometric quantities of {M,g). Finally, 

(4.24) sup(n/i + Am) < e"^(°)~'°f*^ "^(n/i + Am) (0) < C. 

M 

We have therefore proved the following. 

Proposition 4.3. Suppose both fi and ip are independent of u. Then 

(4.25) max Am < C(1 + max Am) 

M ~ dM ' 

where C > depends on 



M 



C0(Af)5 IV^""Mc2(M); \l^\c2{M), SUp — , iui Rjjj^^, SUp - S'^fc | , |T| . 

M l/^l Ji^^ k 
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If ^ and fi depend also on u the estimate f l4.25p still holds with C depending in 
addition on sup^ |Vm|. Indeed, in places of f l4.18p we have 

> (n/i + Au) (e-" inf Rf^kk - (n + l)e-''|/in| - /i^) ^ ^ 
(4.26) + [nr]' + e" V«) {nj^ + ^u) 

-nV^inf%,s-C^5^0^^ 

where C'^ depends on C3, \u\ci(m), as well as the derivatives of ip^^ and fi. This 
again will give a bound for (n/x + Au){0) and therefore (14. 241) . 



5. Boundary estimates for second derivatives 

In this section we derive a priori estimates for second derivatives (the real Hessian) 
on the boundary 

(5.1) max|V^M|<a 

dM 

In order to track the dependence on the curvature and torsion of the estimates we 
shall use covariant derivatives in this section. So we begin with a brief review of 
formulas for changing the orders of covariant derivatives which we shall also need in 
Section [61 

In local coordinates z = [zi, . . . , Zn), Zj = Xj + \^—lyj, we shall use notations such 

as 

Vi = V _a_V, Vij = V _a_V _a_v, Vx^ = V _9_v, etc. 

Recall that 

(5.2) Vfj - v-ji = 0, Vij - Vji = Tl-vi. 
By straightforward calculations, 

Vfjk — Vikj = — g''"^ Rkjirhl^h 

Vijk — V'ikj = g^^RikimVl + Tj/^Vu. 



Therefore, 
(5.4) 

by ^Ml, and 
(5.5) 
Since 

we see that 
(5.6) 

(5.7) 

and, similarly, 
(5.8) 
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'^ijk '^kij (^jj'fc ^ifcj) ~l~ (^ifcjr ^fcij) 

'^ijk "Vkij i^^ijk ^ifcj) ~l~ ("^ifcj "^fcjjf) 



d d d d 
+ 



dxk dzk ' dzk duk ''^~~^^dzk dzk 



'^ZiZjXjc '^x^ZiZj i'^ijk "I" '^ijk) i^kij ~^ '^kij) 



V 



{"^ijk ~ '^kij) + ("^jjfc ~ "^ikj) 
- g^'^RfjkrnVl + TlkVfj + T\jJJii, 



''^{{Vijk — fjjfc) — (Vkij — Vkij)) 

-l((f,jfc - Vkij) - (Vffk - Vikj)) 
Am D „. I T^l 



For convenience we set 

hk-l = Xk, t2k = Uki I < k < n — 1; t2n-l = Uni hn = Xr. 

By ([E7D, dEHD and the identity 

(5.9) Q^Ti^g = Tl- fi^^Ti^gij 

we obtain for all 1 < a < 2n, 



(5.10) 



< 



2|T| + (|/.||T| + |i?| + |Vn||Vr|) J]0 
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We also record here the following identity which we shall use later: for a function r], 



(5.11) 

We now start to derive fl5.ll) . We assume 

(5.12) \u\ + \Vu\ <K in M. 
Set 

(5.13) ip = min _ '?/'(z, m) > 0, ip = max _iIj{z,u). 

— \u\<K,zeM \u\<K,zGM 

Let a be the distance function to dM. Note that |Vo"| = | on dM. There exists 
So > such that a is smooth and Vcr 7^ in 

Ms, ■.= {zeM: a{z) < Sq}, 

which we call the 5o-neighborhood of dM. We can therefore write 

(5.14) u — u = ha., in Ms, 

where /i is a smooth function. 

Consider a boundary point p G dM. We choose local coordinates z = (zi, . . . , ^„), 
Zj = Xj + iyj, around p in a neighborhood which we assume to be contained in Mg, 
such is the interior normal direction to dM at p where we also assume g^j = 5if 
(Here and in what follows we identify p with z = Q.) for later reference we call such 
local coordinates regular coordinate charts. 

By (15.141) we have 

iu - u)^„ = K^a + ha^^ 

and 

{u - u)jk = hjj,a + hafk + 2 '^Kt{hja-k}. 
Since cr = on dM and cra;„(0) = 2|V(t| = 1, we see that 

and 

(5.15) {u - u)jj,{0) = {u- M)x„(0)crjfc(0) j, k < n. 
Similarly, 

(5.16) {u-u)t^ti^{0) = -{u-u)^„{0)cTt^tis, a,(3<2n. 
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It follows that 

(5.17) \ut^t,m<C, a,P<2n 

where C depends on |m|(71(m); |:m|ci(m)) and the principal curvatures of dM. 

To estimate Mt„x„(0) for a < 2n, we will follow [20] and employ a barrier function 
of the form 

(5.18) V = {u-u)+ta- Na^, 

where t, N are positive constants to be determined. Recall that u & C"^ and cu^, > 
in a neighborhood of dM. We may assume that there exists e > such that Uu > tuj 
in M^p. Locally, this gives 

(5.19) {ufk + ^^9fk}>^{9fk}■ 
T\le following is the key ingredient in our argument. 

Lemma 5.1. For N sujficiently large andt,6 sufficiently small, 

V > on dQs 

where fls = M H Bs and Bs is the (geodesic) ball of radius 6 centered at p. 

Proof. This lemma was first proved in [20] for domains in C". For completeness we 
include the proof here with minor modifications. By (15.191) we have 

(5.20) {ufj - Ufj) = q'^ {ufj + figfj - Uf^ - figfj) < n - e ^ Q'^gfj. 
Obviously, 

for some constant Ci > under control. Thus 

Q^v^ <n + {C^it + Na) - e} ^^9ij - 2N/^a,aj in fi^. 

Let Ai < ■ • ■ < A„ be the eigenvalues of {wjj + figij} (with respect to {gij}). We 
have g'^gfj = X^^ and 

(5.21) > 
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since | Vcr| = | where a is smooth. By the arithmetic-geometric mean- value inequahty, 

for some constant Ci > depending on the upper bound of ip- 

We now fix if: > sufficiently small and large so that ciA^^/" > 1 + n + e and 
Cit < |- Consequently, 



if we require 6 to satisfy CiN6 < | in fi^. 
On dM n we have f = 0. On M n dBs 



v>ta~ Na^ >{t- N6)a > 
if we require, in addition, N6 <t. □ 



Remark 5.2. For the real Monge-Ampere equations. Lemma [5.11 was proved in [19] 
both for domains in M" and in general Riemannian manifolds, improving earlier results 
in EHl, [231 and [22]. 



Lemma 5.3. Let w G C'^{VLs). Suppose that w satisfies 

0*%,j > -Ci (1 + ^ Q'^gf^ m 

and 

w < CqP^ on Bs n dM, w{0) = 

where p is the distance function to the point p (where z = 0) on dM. Then Wu{0) < C , 
where v is the interior unit normal to dM , and C depends on e^^ , Co, Ci, \w\ 
W\c^(M) ^'^^ constants N, t and 6 determined in Lemma \5. 1[ 

Proof. By Lemma 15. Ij Av + Bp'^ — w > on dQs and 



q'^{Av + Bp' - w)fj < mils 
when A ^ B and both are sufficiently large. By the maximum principle, 

Av + Bp'' - w>0 in n^. 

Consequently, 

Av^{0) - w^{0) = D^{Av + Bp' - w;)(0) > 
since Av + Bp' — w = at the origin. □ 
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We next apply Lemma [53] to estimate Mt^a;„(0) for a < 2n. For fixed a < 2n, we 
write r] = crt^/cxn and define 

We wish to apply Lemma [5.31 to 
By (EH, 

\T{u - ^)| + K„ - f^yS <C in Qs- 
On dM since u — if = and T is a tangential differential operator, we have 

r{u - (^) = ondMnBs 

and, similarly, 

(5.22) - ipyj < Cp^ on dM n S^. 
We compute next 

(5.23) 0*^' (Tm) - = q'^ {ut^fj + vu^^fj) + Q'^VijUx„ + 2Q'mt{7]iU^^j}. 
By flSTTUD and fICTD . 

(5.24) |0^^^(w,^,j + r7w,„,j)| < |T(/)|+Ci(|T| + |/?| + |VT|)(l + J]0%) 
and 

(5.25) 2|0^%e{r7,M,„j}| < 0'%,„.«,„j + ^2(1 + $^0%) 

where Ci and C2 are independent of the curvature and torsion. Applying flS.lUj) again, 
we derive 

(5.26) 

>Q'^Uy^iUy^J-\{f)yJ-C3 

-C4(i + |r| + |/?| + |vr|)^B%. 

Finally, combining fl5.23p - fl5.26p we obtain 

(5.27) /^[{uy^ - ^yS ± Tiu - ip)],j >-C{l + \Df\ + J2^'9^J) m 
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where C = Co(l + |-R| + |T| + | VT|) with Cq independent of the curvature and torsion. 
Consequently, we may apply Lemma [53] to w = {uy^ — ^y^Y ± T{u — ip) to obtain 

(5.28) \ut^.M\<C, a<2n. 
By (15.61) we also have 

(5.29) |^.„t.(0)| <C, a<2n. 
It remains to establish the estimate 

(5.30) |m.„.„(o)| <a 

Since we have already derived 

(5.31) \ut^tM^ \ut^.Ml kx„i.(0)| < C, a,(3< 2n, 
it suffices to prove 

(5.32) < /i + u„.n{0) = /u + u,„xM + Uy„yM < C. 
Expanding det(Mjj + yUf^jj), we have 

(5.33) det(Mjj(0) + ngq) = a(M„^(0) + fi) + b 
where 

a = det(u„^(0) + fJ^ga0)\{l<a,l3<n-l} 

and b is bounded in view of (I5.3ip . Since det(ujj + fiQij) is bounded, we only have to 
derive an a priori positive lower bound for a, which is equivalent to 

(5.34) Yl ^^m^c^P > coier, e C"-i 

a,f3<n 

for a uniform constant Cq > 0. 



Proposition 5.4. There exists cq = coiip ^,'f,u) > such that ( [5. 34 ) holds. 



Proof. Let TcdM C TqM be the complex tangent bundle of dM and 
Ti'°9M = T^'°M n TcdM = e T^'^^M : da{^) = o}. 
In local coordinates, 



T^'^^dM = = ^i-^ e T'^%1 : J2^ia^ = o}. 
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It is enough to establish a positive lower bound for 

mo= min uju{^,0- 

56Ti.09A/,|5|=l 

We assume that mo is attained at a point p G dM and choose regular local coordi- 
nates around p as before such that 

d d , 



. dzi dzi 

TTT-O = Mii(O) + /i > Co > 0. 



One needs to show 
(5.35) 
By dEH, 

(5.36) un{0) = Mii(O) - {u - n),.„(0)an(0). 

We can assume Mii(0) + /i < |(mii(0) + fi); otherwise we are done. Thus 

(5.37) 

It follows from fl512l) that 
(5.38) 

where C = maxQ^ \ V{u — u) 



(«-w).„(0)an(0)>-(«n(0) + /i). 



Uit(0) + u e 
MO)>=li^>-.c.>0 



Let 5 > be small enough so that 
d d 



1 

Define C = E 0^ e T^'^M in M n ^^(p): 

U — ! 

w 

0=0, 2 < J < n - 1, 



Cn 



W 



and 



Note that C e T^'^SM on 9M and |C| = 1- By fl5J[5D . 

(5.39) = (M,fc + /i^/,fc)C,a - ^ii(O) - /i > on n Bs{p) 

and <f (0) = 0. 
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Write G = aijQQ. We have 

(5.40) = - G^^u,^,^ - 2g^mc{u,^,Gj} + c{l + J2 Q^'^d. 
< Q''uy„iUy^j + (l + 5^ g'^g,^^ 

by (I5:T0|) and (ISTTD . It follows that 

(5.41) Q'^^ - (uy,^ - ipyj%j <c{l + Yl ^ ^ ^'(Py 
Moreover, by (15:221) and (ICTIl . 

K„ - ^vJ - ^ < Ckl' on aM n Bsip). 
Consequently, we may apply Lemma 15731 to 

to derive <?x„(0) > —C which, by f l5.38p . implies 

(5.42) u.^.M<-^<-- 

o-ii(O) ci 

In view of f l5.3ip and fl5.42p we have an a priori upper bound for all eigenvalues of 
{uij + HQij} at p. Since det(ujj + fiQij) > ip > 0, the eigenvalues of {wjj + fiQi]} at p 
must admit a positive lower bound, i.e., 

min {ufj + ngij)iiij > Cq. 
?eTpi'°Af,|c|=i 

Therefore, 

mo = ^ min (u^j + figij)^i^j > min (m^j + iigij)iiij > co- 
The proof of Proposition 15.41 is complete. □ 
We have therefore established (15. ip . 



complex monge-ampere equations 
6. Estimates for the real Hessian and higher derivatives 
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The primary goal of this section is to derive global estimates for the whole (real) 
Hessian 

(6.1) |V^m| <C on M. 

This is equivalent to 

(6-2) l«x,x,(p)|, |mx,%(p)|, \uy,y,{p)\ <C, Wl<i,j <n 

in local coordinates z = {zi, . . . , Zn), Zj = Xj + \f^-Vyj with gqij)) = 6ij for any fixed 
point p G M, where the constant C may depend on \u\ci{m), sup Am, infip > 0, 
and the curvature and torsion of M as well as their derivatives. Once this is done we 
can apply the Evans-Krylov Theorem to obtain global C^'" estimates. 

As in Section O we shall use covariant derivatives. We start with communication 
formulas for the fourth order derivatives. From direct computation, 

[ '^ijkl ~ '^ijlk = 9^'^RkUqVpj + 9^'^Rkljq'^ip- 

Therefore, by 0, dEl, dESD, (O and (K20^ . 

"Vfjkl ~ '^klij = {"^ijkl ~ '^kijl) + i'^kijl ~ "^kUj) + {'^kiTj ~ '^klij) 

= Vi-g^m,jkqVp + Tf,v,j) + Tj,v,,g + /^"Vj(i?,rfc,-^p) 

= g^^{RkliqVpj — RijkqVpl) + T^^Vp-ji + T-jVkiq 
+ g^'^i^-jRilkq - ^lRi-jkq)Vp 

and 

Vfjkl ~ Vklij = Vijkl — Vkijl + Vkijl — Vkilj + Vkilj — Vklij 

= '^li.~9'^''Rijkq'Vp + TfiJJpf) — g^'^RfjkqVpi — g^'^RfjiqVkp 

+ V-j{g^mukqVp + T[iVkp) 

(6.5) = - g'^^RfjkqVpl - 9^'^RtjlqVkp - g^'^RfjkqVpi 

- g^'[{VlR,^kq) + i'^3Rilkq)]Vp 

+ [(V^TfJ + g^mukq]vpj 

+ '^ik''^pjl + 

Turning to the proof of (16.21) . it suffices to prove the following. 
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Proposition 6.1. There exists constant C > depending on |m|ci(m); sup^j Am and 
inf > such that 

(6.6) sup Utt < C. 

t&TM,\t\=1 

Proof. Let 

iV := sup < I Vm|^ + v4|ciJ„P + sup ^^rr f 

where A is positive constant to be determined, and assume that it is achieved at an 
interior point p G M and for some unit vector r G TpM. We choose local coordinates 
z = {zi, . . . , Zn) such that g^j = 6ij and {uij} is diagonal at p. Thus r can be written 
in the form 

d , d , V- , 1 

Let ^ be a smooth unit vector field defined in a neighborhood of p such that 
^{p) = T. Then the function 

(defined in a neighborhood of p) attains it maximum at p where, therefore 

(6.7) Qi = Urri + UkUik + Uj,Uki + 2A{u,,J, + /i)(Mfcfci + (/^)i) = 

and 

(6.8) +Q""u^rii + '^AQ'^UkU + {fi)i)iufki + (/i)i) 

Differentiating equation fl2.39p twice (using covariant derivatives), by (15. 4p and 
(16. 4p we obtain 

(6.9) Q^u,i^ = (/)fc + ^R^^i - ^Tl^u - {^)k 5^ 0*^ > (/)fe - C 5^ g^^ 
and 

(6.10) ^ /V- A 

+ (/).£- C ^ 0^^ > (/)fcS - C (l + ^ fl^^j . 

(Here we used (15.41) again for the last inequality.) 
Note that 
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Using the formulas in fl6.3p . (16.41) and (16.51) we obtain 

flXrii > flXirr " CQ^\T^kUiik\ ' C + Yl '"'^'l) Yl ^ 

> U)rr - Cg'^UUkUiTk -C[l + 2_^ \Ukl\j 2^0". 

k,l 

Plugging (16.91) . (I6.10p . (16.111) into (16. 8p and using the inequality 

(6.12) ^ 
we see that 

(6.13) g%,UE +{A- C)q^u,uU,j^ _ c(i + A + (l + 0^^) < 0. 

k,l 

We now need the nondegeneracy of equation (I2.39P which implies that there is A > 
depending on sup ^ Am and iniip > such that 

and, therefore, 



(6.14) 



i.k 



Plugging these into (I6.13P and choosing A large we derive 

i,k 

Consequently we have a bound Urrip) < C. Finally, 

sup sup Ut-t- < Mt-^(p) + 2 sup(| Vm|^ + AlciJul^). 

q£M TerqA/,|T|=l M 

This completes the proof of (16. 6p . □ 
We can now appeal to the Evans-Krylov Theorem ([17], [32], [33]) for C^'" estimates 
(6.15) |u|c72.-(Af) < C. 

Higher order regularity and estimates now follow from the classical Schauder theory 
for elliptic linear equations. 
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Remark 6.2. When M is a Kahler manifold, Proposition 16. II was recently proved by 
Blocki [8]. He observed that the estimate (16. 6p does not depend on inf ip when M has 
nonnegative bisectional curvature. This is clearly also true in the Hermitian case. 

Remark 6.3. An alternative approach to the C^'" estimate (I6.15P is to use (11.61) and 
the boundary estimate (15. ip (in place of (16. ip ) and apply an extension of the Evans- 
Krylov Theorem; see Theorem 7.3, page 126 in [11] which only requires C^'" bounds 
for the solution. This was pointed out to us by Pengfei Guan to whom we wish to 
express our gratitude. 



7. C° ESTIMATES AND EXISTENCE 

In this section we complete the proof of Theorem 11.2111.41 using the estimates es- 
tablished in previous sections. We shall consider separately the Dirichlet problem 
and the case of manifolds without boundary. In each case we need first to derive C° 
estimates; the existence of solutions then can be proved by the continuity method, 
possibly combined with degree arguments. 

7.1. Compact manifolds without boundary. For the estimate on compact 
manifolds without boundary, we follow the argument in [39] , [H] which simplifies the 
original proof of Yau [43j . 

Let M be a compact Hermitian manifold without boundary and u an admissible 
solution of equation (I2.39p . supj^^w = — 1. In this case we assume ^ > 0. (When 
/i < equation (12.390 does not have solutions by the maximum principle.) We write 

n—l 

X = 5^(/x0)^ A (0.)"-^-^ 

fc=0 

Multiply the identity (0^)" — (Ai0)" = ^^^ddu A x by (— m)^ and integrate over M, 

/ (-«)q(0„)" - (^0)"] = ^ / {-uYdduAx 
Jm ^ Jm 

(7.1) _PV^ I ^_u)P-iQu^duAx + ^^ [ {-uyBuAdx 

2 Jm 2 Jjy.j 
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We now assume that dd{fiu)^ = 0, for all 1 < A; < n — 1, which implies ddx = 
0, and that does not depends on u. Since /io; > and Uu > 0, we see that 
(/iu;)^ A {uJuY''"^''' > for each k. Therefore, 



Jm 

After this we can derive a bound for inf u by the Moser iteration method, following 
the argument in 

If ip depends on u and satisfies (ll.lUp . a bound for supj^^j \u\ follows directly from 
equation fl2.39p by the maximum principle. Indeed, suppose u{p) = maxMW for some 
p G M. Then {uij{p)} < and, therefore 

/i" det gfj > det{uij + figij) = i){p, u{p)) det gfy 

This implies an upper bound u{p) < C by fll.lOp . That minjv/ u > —C follows from a 
similar argument. 

Proof of Theore'm \1.3[ We first consider the case that ip does not depend on u. By 
assumption (II. 8p we see that 



JM 

is a necessary condition for the existence of admissible solutions, and that the lin- 
earized operator, v i— > Q^^vq, of equation (11.11) is self-adjoint. So the continuity method 
proof in [13] works to give a unique admissible solution m G 7i fl C^'"(M) of (II. ip 
satisfying 



J M 

The smoothness of u follows from the Schauder regularity theory. 

For the general case under the assumption > 0, one can still follow the proof of 



(7.2) 






Yau [15]. So we omit it here. 



□ 
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Proof of Theorem \1.4\ The uniqueness follows easily from the assumption ipu > and 
the maximum principle. For the existence we make use of the continuity method. For 
< s < 1 consider 

(7.3) {uJuT = ^'{z,u)uj'' inM 
where ip'^{z,u) = (1 — s)e" + sip{z,u). Set 

^ := {s G [0, 1] : equation (E3]) is solvable mU^ C2'°(M)} 

and let u' enf\ ^^."(M) be the unique solution of ([73]) for seS. Obviously 5^0 
as G S* with = 0. Moreover, by the (7^'°^ estimates we see that S is closed. We 
need to show that S is also open in and therefore equal to [0, 1]; is then the desired 
solution. 

Let s E S and let A* denote the Laplace operator of (M, Uu^)- In local coordinates, 

where {g*^} = {fl-j}"^ and g^-. = gfj + u^-.. Note that A" - ^jj^, where ^pl = V^(-,m'), 
is the linearized operator of equation (17.31) at m'*, . We wish to prove that for any 
G C"(M, cu^s) there exists a unique solution v G C^'°'(M, u;„s) to the equation 

(7.4) A^v-ruV = <P, 

which implies by the implicit function theorem that S contains a neighborhood of s 
and hence is open in [0, 1], completing the proof. 

The proof follows a standard approach, using the Lax-Milgram theorem and the 
Fredholm alternative. For completeness we include it here. 

Let 7 > and define a bilinear form on the Sobolev space H^{M,uJu=) by 

B[v,w]:= / [{Vv + vtTf,Vw)^^^ + {-f + ^'Jvw]{uJus 



(7.5) 



L\ V t/ -r ui.LA , V oj/^^s -r V7 -r f^-^; t/uyj j 

'M 

[/\v^ + vTt,)wj + (7 + iJ:)vw]{uJu^r 

' M 

where T denotes the torsion of cu^s and trT its trace. In local coordinates 



Zi 



= Tikdzi = g ^(^-^ - gkji)d. 

so it only depends on the second derivatives of u. 

It is clear that for 7 > sufficiently large B satisfies the Lax-Milgram hypotheses, 
i.e, 

(7.6) \B[v,w]\ < C\\v\\hi{c,s)\\w\\hi{cs) 
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by the Schwarz inequality, and 

(7.7) B[v,v]>Co\\v\\lr^^.^, yveH\M,uj^s) 

where Cq is a positive constant independent of s G [0, 1] since ipu > 0, \u^\c^(m) < C 
and M is compact. By the Lax-Milgram theorem, for any (p G L^(M, cu^s) there is a 
unique v G H^{M,Uuo) satisfying 

(7.8) B[v,w]= [ (f)w{uusT W w e H\M,Uus). 

J M 

On the other hand, 



(7.9) B[v,w]= / {-^'v + ^lv + -iv)w{uJu^T 

J M 

by integration by parts. Thus i; is a weak solution to the equation 

(7.10) L^v := ^'v - i)lv --iv = (\). 

We write v = L~^(f). 

By the Sobolev embedding theorem the linear operator 

K := 7L;1 : L''{M,uJus) L\M,uJus) 

is compact. Note also that v G H^{M, uJu") is a weak solution of equation (17.41) if and 
only if 

(7.11) v-Kv = C 
where ( = L~^(f). Indeed, (17. 4p is equivalent to 

(7.12) v = L~\-fv + 4>)=-fL-\ + L~^(P. 

Since the solution of equation (I7.4p . if exists, is unique, by the Fredholm alternative 
equation (17.111) is uniquely solvable for any ( G L^(M, cj^s). Consequently, for any 
G L^(M, cj^s) there exists a unique solution v G H^{M,Uus) to equation (17.41) . By 
the regularity theory of linear elliptic equations, v G C^'"(M, c<j„s) if G C°(M, c<j„s). 
This completes the proof. □ 

7.2. The Dirichlet problem. We now turn to the proof of Theorem II. 2 [ Let 

Au = {v e n : V > u in M , V = u on dM}. 

By the maximum principle, t> < /i on M for all v G Au where h satisfies Ah + n = 
in M and h = u on dM. Therefore we have C° bounds for solutions of the Dirichlet 
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problem f ll.ip -( |L2l) in Au- The proof of existence of such solutions then follows that 
of Theorem 1.1 in |19|; so is omitted here. 



Proof of Theorem \1.5[ As we only assume ip > 0, equation (11.111) is degenerate. So 
we need to approximate it by nondegenerate equations. Since > and M is 
compact, there is eo > such that > Equ, and therefore (o;,^)" > EqUj'"-. 
For e G (0, ^o] let ip^ be a smooth function such that 

r 

sup 1^ ~ ^' "^1 ^ "^^ ^ supl^/), e^} 
and consider the approximating problem 

(7.13) \K uj ^ 

\u = (f) on dM. 

Note that is a subsolution of (17.131) when < e < Eq. By Theorem 11.21 there is a 
unique solution e C2."(M) of fTTT^ with > on M for £ G (0,eo]- 
By Theorem 11.11 it is easy to see that 

(7.14) I'W^lcifM) ^ C*!, sup A-u"^ < 6*2(1 + sup Am^), independent of e. 

M dM 

On the boundary dM, the estimates in Section [5] for the pure tangential and mixed 
tangential-normal second derivatives are independent of e, i.e., 

(7.15) \ul^\, \ul^\ < C3, V^,r/ G TdM, |^|, |r/| = 1 independent of e. 

where u is the unit normal to dM. For the estimate of the double normal derivative 
uIj^, note that dM = N x dS and TcdM = TN; this is the only place we need the 
assumption M = N x S so Theorem 11.51 actually holds for local product spaces. So 

(7.16) l + ul^=l + > Co V e G TcdM = TN, \^\ = 1. 
where Cq depends only on 0. From the proof in Section [5] we see that 

(7.17) I'^lul — independent of e on dM. 

Finally, from sup^ \Au^\ < C we see that is bounded for any a G (0, 1). 

Taking a convergent subsequence we obtain a solution u G C^'"(M) of (11. lip with the 
desired properties. By Remark l6.2l u G C^'^(M) when M has nonnegative bisectional 
curvature. □ 



complex monge-ampere equations 
8. Geodesics in the space of Hermitian metrics. 
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Let (M, g) be a compact Hermitian manifold without boundary. The space of 
Hermitian metrics 

(8.1) n = {(f)e C\M) : cj^ > 0} 

is an open subset of C^(M). The tangent space T^H of H at G 7^ is naturally 
identified to C^(M). Following Mabuchi [36], Semmes [38] and Donaldson [16] who 
considered the Kahler case, we define 



(8.2) {^,v)<p= / ^vHr, ^,v^T^n. 

J M 

Accordingly, the length of a regular curve (p : [0, 1] — 7i is defined to be 

(8.3) L[^) = ! {<f,<f)Ut. 

Jo 

Henceforth (p = d(f/dt and (f = d'^ip/dt^. The geodesic equation takes the form 

(8.4) ^-|V0|J = O, 
or in local coordinates 

(8.5) (p - (7((^)^'V.,0f, = 0. 

Here {g{vy^} is the inverse matrix of {g{ip)fk} = {gfk + ^fk}- 

It was observed by Donaldson [TB] , Mabuchi [SB] and Semmes [3S] that the geodesic 
equation (18.41) reduces to a homogeneous complex Monge- Ampere equation in M x A 
where A = [0, 1] x Let 

W = Zn+l = t + \/^s 

be a local coordinate of A. We may view a smooth curve in 7i as a function 
on M X [0, 1] and therefore a rotation-invariant function (constant in s) on M x A. 
Clearly, 

. dip d(p d(p .. 9V . 
¥^ = ^ = 2^ = 2— , ^ = —-=4- 



dt dw dw^ dt"^ dwdw 
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Therefore, 



det 



SPwl ' ' ' ^wn ^ww. 



(8.6) 



■det(5((v9)-) ■ det 



0n V3 



- det(^((/?)ij) ■ {(p - giipy^if^^if^J. 



So a geodesic ip in H satisfies 



(8.7) 
wliere 



00=00 + 



\n+l 



-1 - 

-ddcp) =0 inMxA 



-1 „^ 



dd\w\ 



— ^ djkdzj A dzk + dw /\ dv?j 



j,k<n 



2 ' ' 2 

is the hft of to M X A. 

Conversely, if y9 G C'^{M x A) is a rotation-invariant solution of (18. 7p such that 

(8.9) en, WweA, 

then (f is a geodesic in H. 

In the Kahler case, Donaldson [16] conjectured that H°° = fl C°°{M) is geodesi- 
cally convex, i.e., any two functions in can be connected by a smooth geodesic. 
More precisely. 

Conjecture 8.1 (Donaldson |16j). Let M be a compact Kdhler manifold without 
boundary and p G C°°{M x dA) such that p{-,w) G Ti. for w G dA. Then there 
exists a unique solution (f of the Monge-Ampere equation (18. 7p satisfying (18. 9p and 
the boundary condition (f = p- 



The uniqueness was proved by Donaldson [16] as a consequence of the maximum 
principle. In [13j, X.-X. Chen obtained the existence of a weak solution with Aip G 
L°°{M X A); see also the recent work of Blocki [5] who proved that the solution is 
in C^'^(M X A) when M has nonnegative bisectional curvature. As a corollary of 
Theorem 11.51 these results can be extended to the Hermitian case. 
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Theorem 8.2. Let M be a compact Hermitian manifold without boundary, and let 
<fo,fi G 7^ n C^{M). There exists a unique (weak) solution (f G C^'"(M x A), 
V < a < 1, with oj^ > and A^p G L°°{M x A) of the Dirichlet problem 

= mMxA 

(p = (po on M X To, 

ip = Lpi on M xVi 

where Vq = 9^41^=0; = 

dA\ t=i. Moreover, if G C^'^{M x A) if M has nonnegative 

bisectional curvature. 

Proof. In order to apply Theorem II .51 to the Dirichlet problem (18.101) we only need to 
construct a strict subsolution. This is easily done for the annulus A = [0, 1] x S^. Let 

^ = (1 - t)(/?o + ty^i + K{f - t). 
Since ipo, (fi G 'H{uj) we see that tu^ > and (cj^)"+^ > 1 for sufficiently large. □ 

Remark 8.3. By the uniqueness ip is rotation invariant (i.e., independent of s). 
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